The transport behavior of a double quantum dot side-attached to a topological superconducting wire hosting Majorana zero-energy modes is studied theoretically in the strong correlation regime. It is shown that the Majorana zero energy mode can leak through the dot directly attached to topological superconductor to the side attached dot, giving rise to a subtle interplay between the two-stage Kondo screening and the half-fermionic nature of Majorana quasiparticles. In particular, the coupling to the topological wire is found to reduce the effective exchange interaction between the two quantum dots in the absence of normal leads. Interestingly, it also results in an enhancement of the second-stage Kondo temperature when the normal leads are attached. Moreover, it is shown that the second stage of the Kondo effect can become significantly modified in one of the spin channels due to the interference with the Majorana zero-energy mode, yielding the low-temperature conductance equal to G = G0/4, where G0 = 2e 2 /h, instead of G = 0 in the absence of the topological superconducting wire. Finally, in the case of a short wire, a finite overlap between the wave functions of the Majorana quasiparticles localized at the ends of the wire suppresses the quantum interference and a regular two-stage Kondo effect is restored. *
I. INTRODUCTION
Topological states of matter are in the center of current research in condensed matter physics [1] [2] [3] . This is due to the fact that such states are robust against decoherence and are thus very promising for applications in quantum information and computation [4] . In this regard, zero-energy modes that form at the ends of one-dimensional topological superconductor provide an exciting example of topologically-protected states [5] . These states are solid-state realizations of the Majorana fermions, i.e. particles that are their own antiparticles [6, 7] . The signatures of such Majorana quasiparticles have been recently reported in a number of experiments [8] [9] [10] [11] [12] [13] [14] [15] [16] .
It has been demonstrated that the detection of Majorana zero-energy modes can be performed by measuring the current flowing through an adjacent quantum dot [12] . It turns out that the presence of Majorana modes results in unique transport properties, including fractional values of the conductance [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . Majorana quasiparticles leaking into the neighboring dot weakly coupled to external contacts give rise to the conductance G of the order of (1/4)G 0 , where G 0 = 2e 2 /h [30, 31] . On the other hand, in the strong coupling regime, the Majorana-Kondo interplay determines the transport behavior of the system [32] [33] [34] . At low temperatures, the quantum interference with a side-attached topological superconductor results in G = (3/4)G 0 [33] . Such fractional values of conductance reveal a half-fermionic nature of Majorana quasiparticles and may serve as signatures of the presence of these topologically-protected states in the system [15, 35] .
In this paper we advance further the investigations of interplay between the Majorana zero-energy modes and correlations giving rise to the Kondo physics [36] [37] [38] , focusing on the system built of a double quantum dot sidecoupled to a Majorana wire, as schematically shown in Fig. 1 . The double dot is assumed to form with external contacts a T-shaped geometry, where only one of the dots is directly coupled to the leads, while the second dot is attached indirectly through the first quantum dot. This system, in the absence of Majorana wire, is known to exhibit a nonmonotonic dependence of conductance with lowering temperature due to the two-stage Kondo effect FIG. 1. The illustration of the considered system. The first quantum dot is coupled to the left and right metallic leads with coupling strengths ΓL and ΓR, for the left and right lead, respectively, The second quantum dot is coupled to the Majorana wire, i.e. a topological superconducting wire hosting Majorana quasiparticles described by operators γ1 and γ2, with hopping matrix elements VM . The two quantum dots are coupled through the hopping matrix elements t. Both dots are characterized by a single orbital level of energy εj and Coulomb correlations Uj. [39] [40] [41] [42] [43] [44] . Moreover, the interplay between the Fano and Kondo effects in such system was shown to give rise to interesting spin-resolved transport behavior [45] [46] [47] .
The main goal of this work is to uncover unique transport features resulting from the presence of Majorana quasiparticles and, in particular, to understand their influence on the two-stage Kondo effect. To achieve this goal in the most accurate way, we make use of the numerical renormalization group (NRG) method [48, 49] . We study the behavior of the spectral functions and the temperature dependence of the linear conductance, which reveal local extrema due to the leakage of Majorana quasiparticles into the double dot system. In particular, we demonstrate that the quantum interference with Majorana zero-energy mode half-suppresses the spectral features related to the second-stage Kondo effect, giving rise to the fractional value of the linear conductance G = (1/4)G 0 and a unique five-peak structure in conventional transport, when the device is in the two-stage Kondo regime; cf. Ref. [28] for similar results obtained in the local singlet regime.
Furthermore, we show that, contrary to the expectations based on the analysis of excitation spectrum of double dot decoupled from normal contacts, increasing the coupling to topological superconductor actually enhances the second-stage Kondo temperature. A similar effect has been recently predicted for single quantum dots attached to Majorana wires, where an enhancement of the conventional Kondo temperature T K was observed [26, 31, 33, 50] . In the T-shaped double quantum dot setup, at T < T K , the spin of the second dot becomes screened by Fermi liquid formed by many-body Kondo state generated at the first quantum dot. Increasing the coupling to Majorana wire results then in an enhancement of the second-stage Kondo temperature T * , similarly as in the single quantum dot case [26, 31, 33, 50] . Understanding this Majorana-Kondo interplay constitutes one of the main objectives of this paper.
II. THEORETICAL DESCRIPTION
The considered system consists of a double quantum dot (DD) in a T-shaped geometry, i.e. with only one quantum dot attached directly to the leads and the second dot coupled to the first one through the corresponding hopping matrix elements. Additionally, the second quantum dot is coupled to a topological superconducting wire hosting Majorana zero-energy modes at its ends (Majorana wire). The schematic illustration of this system is presented in Fig. 1 . The studied system can be described by the following Hamiltonian
Here, the first term models the left (r = L) and right (r = R) metallic contacts as reservoirs of noninteracting quasiparticles
where c † rkσ is the creation operator for an electron with spin σ, momentum k and energy ε rk in the left (r = L) or right (r = R) lead. The second term of H accounts for tunneling processes between the double quantum dot-Majorana wire subsystem and the external leads. Because in the considered setup only the first dot is directly coupled to electrodes, the tunneling Hamiltonian simply reads
with the corresponding tunnel matrix elements described by v r and assumed to be momentum independent. The operator d † 1σ (d 1σ ) is the creation (annihilation) operator of an electron with spin σ in the first quantum dot. The coupling to external leads gives rise to the broadening of the first dot level, which can be described by Γ r = πρ r v 2 r , where ρ r is the density of states of a given lead. In these considerations we assume a flat band of width 2D for each electrode and take Γ L = Γ R ≡ Γ/2. The band halfwidth is hereafter used as the energy unit D ≡ 1.
Finally, the last term of the Hamiltonian H models the double dot-Majorana wire subsystem, and it can be written as
Here, d † jσ is the creation operator for a spin-σ electron on dot j with the energy ε j , and the two electrons residing on the same dot interact with the Coulomb correlation energy U j . For the sake of clarity and convenience, we assume U 1 = U 2 ≡ U . The two quantum dots are coupled through the hopping matrix elements t. The coupling to the Majorana wire is described by the penultimate term of H DDM , where V M is the corresponding tunneling matrix element [17, 22, 33, 51] . The Majorana quasiparticles localized at the ends of the topological superconductor wire are described by the operators γ 1 and γ 2 . The overlap between the wave functions of these two quasiparticles is described by ε M . When the length of the Majorana wire is much larger than the superconducting coherence length, the two Majorana quasiparticles do not overlap and, consequently, ε M = 0 [11] . In the opposite case, ε M is finite, which results in a splitting of the energies of the Majorana quasiparticles. In the following we will refer to these two situations as the case of long/short Majorana wire.
The Majorana operators γ 1 and γ 2 can be represented by a fermionic operator f as γ 1 = (f † + f )/ √ 2 and γ 2 = i(f † − f )/ √ 2, respectively. Then, the last two terms of H DDM can be expressed as
In this paper we are mainly interested in the linear response transport properties of the considered Majoranadouble dot structure. The linear conductance between the left and right contacts can be then found from [52] 
where f (ω) is the derivative of the Fermi-Dirac distribution function. A σ (ω) denotes the spectral function of the first quantum dot for spin σ,
To obtain the most reliable results and quantitatively understand the interplay of strong electron correlations with the presence of Majorana zero-energy modes, we use the numerical renormalization group method [48, 49, 53] . In NRG calculations we use the discretization parameter Λ = 2 and keep at least 3000 states at each iteration. Moreover, to increase the accuracy of the spectral functions, which are typically subject to broadening issues [54] , we average the data over 4 discretizations [55] and use the optimal broadening method [56] . On the other hand, the results presented for the linear conductance are obtained directly from the discrete NRG data, without the need of resorting to broadening [57] .
III. EFFECTIVE EXCHANGE INTERACTION
In general, the low-temperature transport behavior of a system depends mostly on the low-energy part of the spectrum. In the T-shaped double quantum dot in the presence of normal leads the low-energy states relevant for the two-stage Kondo regime are those consisting of two singly-occupied quantum dots, organized into singlet and triplet, split by the effective antiferromagnetic exchange interaction J eff ≈ 4t 2 /U [41] . This structure remains untouched when the device is proximized by the conventional superconductor, only the value of J eff increases (irrespective of the geometry) or even J eff can arise due to the coupling to a BCS-like superconductor [58] . However, the situation qualitatively changes when the superconductor is topological.
To explore such case, we define the basis states as |χ 1 χ 2 n f , where χ 1 and χ 2 are the local states of quantum dots 1 and 2, with χ i ∈ {0, ↑, ↓, 2}, and the Majorana zero-energy modes are described by the occupation of the auxiliary fermionic operator f , n f ∈ {0, 1}; cf. Eqs. (5) and (6) . The local Hamiltonian consists then of 32 states, nevertheless, the states relevant for the Kondo regime still consist of half-filled quantum dots. There are 8 such states and we will refer to them as relevant states henceforth.
Furthermore, since in the considered model the Majorana mode couples only to one spin channel, the spin S is no longer good quantum number, nor are its components. Thus, the structure of the eigenbasis cannot be determined from the spin symmetry requirements. However, the system still exhibits two symmetries, namely, related to the conservation of charge parity,
jσ d jσ − 1/2) denoting the negative charge] and the conservation of the number of spinup electrons, N ↑ = j d † j↑ d j↑ [59, 60] . Moreover, for half-filled quantum dots (obtained in the model by setting δ j = 0) and long Majorana wire (ε M = 0), the Abelian symmetry related to the N ↑ conservation is generalized to the full SU(2) iso-spin symmetry with iso-spin z-component I z = N ↑ − 1. This symmetry can be easily recognized in the spectrum of the local Hamiltonian. Namely, in this case all the eigenenergies of H DDM have the following form
where indices ξ, ζ take values ±1 and
are constants of the order of unity. The four combinations of signs (ξ, ζ), together with four combinations of iso-spin and its z-component (I, I z ) corresponding to I ≤ 1, and double degeneracy due to Q P , give all the 32 local states. The lack of dependence of energies on I z proves that the symmetry is indeed of SU(2) type. We note that the operators I ± can be defined to have non-zero matrix elements only between the degenerated eigenstates of H DDM possessing the same charge parity, yet, their explicit form is rather cumbersome. For U t, V M , the order of magnitude of the energies given by Eq. (8) is determined by the signs of ξ and ζ. The lowest energies correspond to ξ = +1 and ζ = +1, then E I ++ ∼ −U ; the other options lead to E I ξζ ∼ −U/2 or E I ξζ ∼ 0-up to the terms of the order of U −2 . For the analysis of the low-temperature properties only the former of these are important. Those states, together with their quantum numbers, are listed in Table I . Note, that even though in general the eigenstates do not possess a definite spin S, when projected onto the subspace spanned by the relevant states (when the coefficients m a , defined in Table I , are negligible) they actually do, i.e. I multiplets correspond to S multiplets with I = S. In general, however, each of the (I, I z ) eigenstates is a superposition of a single relevant state with (S, S z ) = (I, I z ) and a number of other states, as presented in Table I .
The relation between S and I allows us actually to define the effective exchange interaction as the difference 4), obtained for δi = εM = 0 and U1 = U2 = U . For brevity the following notation for the singlet and triplet states, |s, n f = (| ↓↑ n f − | ↑↓ n f )/ √ 2 and |t, n f = (| ↓↑ n f + | ↑↓ n f )/ √ 2, was used. The first column presents the corresponding eigenstate, with |αa| ∼ 1 being the coefficient of the relevant state and ma denoting a superposition of states with coefficients small for t, VM U . I and Iz stand for the izo-spin quantum numbers. Note, that after neglecting superpositions ma the iso-spin I becomes equivalent to the physical spin S.
between the energies of the iso-spin singlet and triplet states,
Note that the effect of coupling to topological superconductor becomes relevant only in the fifth order of expansion with respect to 1/U . Clearly, from Eq. (13) one can conclude that the coupling to the Majorana wire slightly decreases the effective exchange interaction between the quantum dots. Interestingly, this effect is opposite to what happens in the presence of a conventional superconductor [58, 61] . Nevertheless, as shown in the following by accurate NRG calculations, the decrease of bare exchange interaction becomes overwhelmed by strong electron correlations. Actually, we demonstrate that increasing the coupling to topological wire results in an enhancement of the second-stage Kondo temperature T * instead of reduction, as one could expect from simple analysis of H DDM spectrum, cf. Eq. (13) . We note that a similar effect has been predicted for single quantum dots coupled to normal leads and a topological superconductor, where increasing the coupling to Majorana wire gives rise to an enhancement of the Kondo temperature [26, 31, 33, 50] .
In the setup considered in this paper, at energy scales below the first-stage Kondo temperature T K , the double dot system can be viewed as an effective single quantum dot attached to a conduction band of width T K (resulting from Fermi liquid formed by first quantum dot screened by lead conduction electrons) and additionally coupled to Majorana wire. Then, one could expect that increasing the coupling to topological wire would result in an increase of the relevant Kondo temperature (the secondstage Kondo temperature T * ), similarly as it does in the case of single quantum dots [26, 31, 33, 50 ]. This conjecture is corroborated by NRG calculations presented in the following section.
IV. NUMERICAL RESULTS AND DISCUSSION
We now turn to the numerical analysis of the transport behavior of the considered system. First, we consider the case of long Majorana wire and then also discuss the situation when there is a finite overlap between the Majorana quasiparticles. To uncover the interplay between the Majorana and Kondo physics, we study the behavior of the relevant spin-resolved spectral functions as well as the temperature and gate voltage dependence of the linear conductance through the system.
A. Spectral functions
The spin-resolved spectral function of the quantum dot directly coupled to the normal leads calculated for different values of the coupling to Majorana wire V M and hopping between the quantum dots t is shown in Fig. 2 . In the case of V M = 0 one observes the conventional twostage Kondo effect [41, 43] , see the first row of Fig. 2 . The spectral function first increases with lowering the energy ω, which happens for ω T K , but then starts to decrease once ω T * , where T K (T * ) is the first-stage (second-stage) Kondo temperature. Because T * depends exponentially on the effective exchange interaction J eff between the two quantum dots generated by the hopping t [41, 42, 47] ,
where α and β are constants of the order of unity, changing t results in large changes in T * . This is why the region of enhanced conductance for T * T T K shrinks as t grows and, e.g. for t/U = Γ/U = 0.1, G(T ) displays only a small resonance, see Figs. 2(a) and (e). This is characteristic of the local singet regime, where the Kondo effect on the first quantum dot does not develop, but the two dots form a molecular singlet state. The two-stage Kondo regime can be reached from this phase by reducing the hopping t. We note that even though this is a continuous crossover, it is related to switching on or off many-body Kondo correlations. Namely, for large t the Kondo effect is absent, while for small values of the hopping between the dots the many-body Kondo state develops. Here we focus on the latter case-as opposed to the Ref. [28] . The behavior of the spectral function changes when the coupling to Majorana wire is present. Note that in the effective Hamiltonian we assumed that only the spin- resulting from the coupling to topological superconducting wire. As a consequence of this suppression, a five-peak structure can be visible in the spectral function of the first quantum dot for finite t and V M , see e.g. the curve for V M /U = 0.01 and t/U = 0.05 in Fig. 2(g) . A ↓ (ω) exhibits the usual Hubbard resonances for ω ≈ ±U/2 (note that ε 1 = ε 2 = −U/2). Then, with lowering ω, A ↓ (ω) starts growing due to the Kondo effect, however, it becomes suppressed once ω ≈ T * due to the secondstage Kondo screening, which results in a local maximum around ω ≈ T K . With further decrease of ω the Majorana energy scale Γ M comes into play destroying the second-stage Kondo effect and resulting in a further resonance just at the Fermi energy.
All the features discussed above can be also clearly identified in Fig. 3 , which presents the spin-resolved spectral functions now plotted for several values of the hopping between the dots t, while changing the coupling to the Majorana wire V M . The enhancement of the second stage of Kondo screening with raising V M (due to the increase of T * ) can be clearly visible in the left column of Fig. 3 . This enhancement is more pronounced when the hopping between the dots is relatively small. As shown in Fig. 3(a) , it is the coupling to Majorana wire that actually generates the second-stage of Kondo screening. This is because T * for t/U = 10 −2 is smaller than the energy scale presented in the figure. However, when t grows, larger values of coupling to Majorana wire are needed in order to give rise to an increase of T * . Nevertheless, the advantageous impact of the coupling to the topological wire on T * is clearly visible.
On the other hand, a multi-peak dependence of A ↓ (ω) due to the leakage of Majorana quasiparticle into the second quantum dot can be seen in the right column of the figure. When the hopping between the dots is relatively small, see Fig. 3 (e) for t/U = 0.01, T * for V M = 0 is smaller than the energy range considered in the figure and a pronounced Kondo plateau is visible in the spectral function. Turning on the coupling to the Majorana wire, results in a drop of the spectral function to 1/(2πΓ) at the characteristic energy scale ω ≈ Γ M , which grows with increasing V M . When the hopping between the dots becomes increased, such that the second-stage Kondo screening can be visible in the behavior of the spin-down spectral function shown in Fig. 3 , one can observe an interplay between the Kondo effect and Majorana-induced quantum interference. When Γ M T * , a dip develops in the spectral function and A ↓ (ω) exhibits a five-peak characteristic dependence, see e.g. Figs Fig. 4 and plotted for selected values of the hopping between the dots t. T * was estimated as an energy scale at which the spin-up spectral function drops to half of its maximum value with decreasing the energy ω. On the other hand, the Majorana energy scale Γ M was determined from the energy at which the spin-down spectral function drops from 1/(2πΓ) at ω → 0 to the half of its minimum value as the energy increases. Note that in this way we can extract Γ M only for certain range of parameters, i.e. when Γ M T * .
It can be nicely seen that T * ∝ V 2 M for low values of hopping between the dots, i.e. when the increase of T * is just due to the coupling to Majorana wire, see e.g. the case of t/U = 0.0025 in Fig. 4 . However, when t increases, a larger value of V M is needed in order to affect T * . Nevertheless, once this happens, Γ M again scales quadratically with V M . On the other hand, if T * is relatively large, increasing V M does not have any effect on the second-stage Kondo temperature, see the curves for t/U ≥ 0.015 for low values of V M . In other words, the influence of V M on the behavior of A ↑ (ω) is negligible. This is just contrary to A ↓ (ω), which exhibits then new features due to quantum interference with Majorana zeroenergy mode, resulting in an additional resonance at the Fermi energy. Actually, the halfwidth of this resonance defines the magnitude of the Majorana energy scale Γ M . As can be seen in Fig. 4 where Γ M is presented by dashed lines, Γ M ∝ V 2 M , similarly to T * . Note also that the Majorana scale does not depend on the hopping between the dots-the curves presenting Γ M for different t overlap, see Fig. 4 .
B. Linear conductance
The interplay between the Majorana and Kondo physics gives rise to well-resolved features visible in the behavior of the linear conductance through the system. First, let us discuss the temperature dependence of G, whereas later on we will turn to the analysis of the conductance dependence on the gate voltage. 
Temperature dependence
The spin-resolved linear conductance as a function of temperature calculated for different values of hopping between the dots and the coupling to the Majorana wire is presented in Figs. 5 and 6. While the first figure displays G(T ) calculated for selected values of V M while tuning t, the second figure presents a complementary picture: G(T ) determined for a few values of t while changing V M . First of all, we note that the temperature dependence of conductance displays features similar to the energy dependence of the spectral functions. The spin-up component of the linear conductance exhibits a typical nonmonotonic dependence due to the two-stage Kondo effect [41] . First, with lowering the temperature, the conductance increases due to the Kondo effect, however, around T ≈ T * , it starts to drop due to the second stage of screening, at which the spin of the second dot becomes screened. Since the second-stage Kondo temperature depends strongly on the coupling to the Majorana wire, increasing V M results in an enhancement of T * . As a consequence, the maximum value of the conductance, which develops for T * T T K becomes reduced, see the left columns of Figs. 5 and 6.
On the other hand, the spin-down conductance reveals much richer behavior due to the Majorana-Kondo interplay. It can be seen that when the coupling to the Majorana wire is turned on, the conductance at low temperatures becomes equal to G ↓ = (1/4)G 0 . Moreover, the temperature dependence of spin-down conductance strongly depends on the values of t and V M . The quantum interference with the Majorana mode suppresses the second stage of Kondo effect at the energy scale T ≈ Γ M . If the second-stage Kondo temperature T * is larger than While the dependence of conductance on temperature for T T K is almost the same for different values of t and V M (for the range of parameters considered in Figs. 5 and 6) the behavior of low-temperature conductance is completely different. Figure 7 presents the linear-response conductance for both spin components calculated at different temperatures while tuning both t and V M . Consider first the spin-up conductance for low-values of V M , see the left column of Fig. 7 . By increasing the hopping between the dots, the second-stage Kondo temperature becomes enhanced, such that when T * T , G ↑ drops from (1/2)G 0 to 0. Thus, the point when this drop is observed is slightly different in each panel due to a different value of temperature T . When the coupling to Majorana wire increases, so does the second-stage Kondo temperature T * , such that the conductance drop is observed for smaller values of t. In an extreme situation of very large V M , if the temperature is sufficiently low, for all considered values of t one has T < T * , such that the conductance stays suppressed due to the second-stage Kondo effect, see Fig. 7 (c) for V M U/10. A somewhat similar behavior can be observed in the spin-down conductance component as far as the regions where G ↑ = (1/2)G 0 are concerned, see Fig. 7 . This is due to the fact that when the hopping between the two dots is low, such that the second-stage Kondo effect does not develop, the influence of the coupling to the Majorana wire is rather negligible since the Majorana wire is coupled directly only to the second quantum dot. It is therefore clear that the influence of presence of Majorana mode will be most revealed in the parameter regime where the system exhibits the two-stage Kondo effect. Consequently, one observes a completely different behavior in the parameter space where G ↑ ≈ 0, cf. the left and right column of Fig. 7 . As can be clearly seen, with increasing V M , there is a value of V M at which the conductance increases from 0 to (1/4)G 0 . At lower temperatures, smaller values of V M result in the corresponding change of conductance, which is due to the fact that the condition Γ M T can be satisfied for smaller values of V M .
Gate voltage dependence
Let us now discuss the gate voltage dependence of the linear-response conductance. In the following we will consider the case when the level of the first quantum dot is tuned, while the level of the second dot is at half filling. The spin-resolved conductance as a function of ε 1 calculated for selected values of both t and V M at extremely low yet non-zero temperature T = 10 −6 U is shown in Figs. 8 and 9 . Both spin-up and spin-down conductances exhibit the Kondo plateau for small values of t and V M in the transport regime where the first dot is singly occupied. When the hopping between the dots increases, for V M = 0, the Kondo plateau becomes distorted and the conductance suppression develops due to the two-stage Kondo effect, see Fig. 8(a) . This suppression becomes more effective when the coupling to Majorana wire is turned on, however, then a clear difference between the spin components shows up. In the spin-up channel, increasing t and/or V M , generally results in larger suppression of the conductance in the singly-occupied first dot regime, i.e. for −U ε 1 0. This is related to the corresponding increase of T * , as already discussed in previous sections. Similarly to the case ε 1 = ε 2 = −U/2 considered so far, also for other values of ε 1 finite coupling to the Majorana wire enhances T * and can suppress the conductance through the system; see e.g. Fig. 9(a) On the other hand, in the case of spin-down conductance one can see that once the second-stage Kondo effect comes into play in the spin-up channel, i.e. suppression of conductance takes place, G ↓ reaches a fractional value of (1/4)G 0 . This is a direct fingerprint of the leakage of Majorana quasiparticle into the attached dot. Consequently, with increasing V M , the total conductance saturates at (1/4)G 0 . Moreover, when the coupling to the Majorana wire grows further, this value becomes stabilized in the whole region of the gate voltage and the con- ductance hardly depends on the occupation of the first quantum dot. Similar effect has been predicted for single dots coupled to Majorana wire [26, 31, 33, 50] . Here, we demonstrate that the Majorana zero energy mode can leak through the dot directly coupled to topological superconductor further to the other dot, directly coupled to the normal leads, where it gives rise to fractional values of conductance.
C. Short Majorana wire case
The interplay between the Majorana and Kondo correlations described in the previous sections can be greatly affected in the case of relatively short topological superconducting wires. Then, a finite overlap between the wave functions of the two Majorana quasiparticles γ 1 and γ 2 , described by ε M , can emerge. As shown in the follow- ing, such overlap has a strong influence on the quantum interference responsible for fractional values of the conductance. In fact, such a strong dependence has already been reported theoretically in the case of single quantum dots coupled to external contacts and to the Majorana wire [22, 33, 62, 63] . To examine the influence of the overlap ε M on the transport behavior of the considered double-dot-Majorana setup, in Fig. 10 we show the energy dependence of the spin-resolved spectral function, while Fig. 11 presents the temperature dependence of the linear conductance through the system. 
; see e.g. the curve for t = 0.01U in Fig. 11(b) .
The destructive influence of the overlap ε M on the quantum interference with Majorana mode is also visible in the spin-down component of both the spectral function and the conductance, which are presented in the right columns of Figs. 10 and 11. Now, a local minimum at the energy scale of ε M can also be observed, see e.g. the case for ε M /U = 10 −5 . Moreover, below this energy scale the behavior of A ↓ (ω) and G ↓ becomes comparable to that in the case of V M = 0, i.e. the conductance becomes fully suppressed for large t and T ε M . If the overlap is increased further, see the case of ε M /U = 10 −3 , the behavior of transport quantities resembles that in the absence of coupling to the Majorana wire, except for an additional local maximum visible in both A ↓ (ω) and G ↓ at the energy scale corresponding to ε M . This result suggest that even strongly overlapping Majorana mode may partially leak into the attached quantum dot.
V. SUMMARY
In this paper we have examined the transport behavior of a double quantum dot in a T-shaped geometry, sideattached to a topological superconducting wire hosting Majorana zero-energy modes. The considerations were performed by using the numerical renormalization group method, which allowed us to accurately determine the behavior of the spin-resolved spectral functions and the linear-response conductance of the system. We have focused on the transport regime where the system exhibits the two-stage Kondo effect and investigated the influence of the coupling to Majorana wire on this Kondo phenomenon, considering both long and short Majorana wire cases. In the former case, the quantum interference with the Majorana quasiparticle gives rise to a halfsuppression of the second-stage of Kondo effect, which results in a fractional value of the low-temperature conductance G = (1/4)G 0 , where G 0 = 2e 2 /h. This phenomenon develops at a new energy scale Γ M ∝ V 2 M associated with the coupling to Majorana wire described by hopping amplitude V M . We have shown that the Majorana-Kondo interplay can give rise to an additional resonance in the local density of states for energies lower than the Majorana scale Γ M . This can be interpreted as a Majorana mode leaking further into the nanostructure, for it determines the low-temperature spectral properties of the first quantum dot, while the Majorana wire is coupled to the second quantum dot. On the other hand, when there is an energy splitting ε M of Majorana modes due to a finite overlap of their wave functions, the quantum interference becomes suppressed and the system exhibits the usual two-stage Kondo effect for energies smaller than ε M . Interestingly, both the conduc-tance and spectral function exhibit a local maximum at the energy scale corresponding to ε M .
Our findings demonstrate that the low-temperature transport behavior of T-shaped double quantum dots attached to Majorana wires exhibits some unique features due to the leakage of Majorana quasiparticles into the double dot system. First of all, fractional values of the conductance develop in the Majorana-Kondo regime. Moreover, the presence of topological superconductor increases the second-stage Kondo temperature through subtle renormalization effects, even though the relevant local exchange interaction is reduced. On the other hand, in the case of relatively short wires, a local maximum develops in the conductance for temperatures corresponding to the overlap between the two Majorana zero-energy modes. These signatures provide further examples of unique transport behavior due to the presence of Majorana zero-energy modes. Finally, we would like to notice that in the case of considered double quantum dot system the presence of Majorana quasiparticles results in a huge relative change of the low-temperature linear conductance [G increases from 0 to (1/4)G 0 ], opposite to single dots where the relative change is smaller [G drops from G 0 to (3/4)G 0 ].
